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We prove that there c&s an S,(2,3, u) without repeated blocks if and only if A G u - 2, 
Aufu - 1) = 0 (mod 6) and A(u - 1) = 0 (mod 2). 
1. Introdu*n 
Let u and A be integers such that u a 2 and A 2 0. A 2-desigrc Z&(2,3, v) is a 
pair S = (X, 3) where X is a set of v elements (called points) and 5B is a family of 
distinct 3-subsets of X (called blocks) such that every pair of points is contained in 
exactly A blocks. If S is an S,(2,3, u) and if X’ c X, we say that X’ is a subdesign 
of S if IX’ n BI # 2 for every block B of S. Clearly, a subdesign X’ of more than 
one point of S has itself a natural structure of 2-design S,(2,3, IX’l>. 
Well-known necessary conditions for the existence of an Z&(2,3, U) a~2 
Au(u - 1) = 0 (mod 6), A(v-l)=O(mod2) and AGV-2. 
In 1847, Kirkman [8] proved that these conditions are sufficient for the existence 
of the designs S1(2, 3, u) (also called Steiner triple syste.ms and denoted by 
S(2,3, u)). Recently, Hilton [7] has given a shorter proof of this result. Van 
Buggenhaut [14, 153 has proved that they are sufficient when A = 2 or 3. On the 
other hand, Schreiber [ll] has proved that these conditions are also sticient for 
every 2) = 0 or 4 (mod 12) and Teirlinck [13] has obtained the same result for 
every 2, = 2, 6, 8 or 10 (mod 12). Denniston [4], Rosa [9], Schreiber [lo], 
Teirlinck [12, 131 and Wilson [16] have also got existence results for certain odd 
values of v. Finally, it is well known that these conditions are sufficient for every 
v < 18 (see for example [Z, 31). In this paper we shall prove the following result: 
Theorem. Let A and v be integers uch that 0 G A 6 v - 2. There exists an l&(2,3, u) 
if and only if Au@ - I) = 0 (mod 6) and A(v - 1) = 0 (mod 2). 
Note that Hanani [5] has obtained a similar result allowing repeated blocks (see 
[S] for a definition): there exists an S,(2,3, u) which may have repeated blocks if 
and only if Av(u - 1) =0 (mod 6) and A(u - 1) = 0 (mod 2). 
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2. A construction of Sh (2,3, U) 
Let u, A and A’ be integers such that v a2, AaO, A’20 and O<A+h’<v, and 
let S (resp. S’) be an S,(2,3, u) (resp. &(2,3, u)). We suppose that X flX’ = fl, 
we denote the points of X (resp. X’) by 0, 1, . . . , u - 1 and we denote by 00 a point 
which does not belong to X U X’. Let 9 be the set X U X’ U (00) and let 3 be the 
set consisting of the following blocks: 
(a) the blocks of the design S, 
(b) the blocks of the design S’, 
(c) if A >O, th e subsets {a’, b’, c} such that a’, b’~ X’, c E X, a’ # b’ and 
a’+b’+2c~(A’,A’+ !, . . ..A’+A-l)(modo). 
(d) if A’>O, the subsets (a, b, c’} such that a, b E X, C’E X’, a # b and 
u+b+2c’~{O,l,.... A’-l)(modu), 
(cl the subsets { xc1 a, a’) such that a EX, t&X and 
Theorem 1. (9, 9) is an S,+,J2,3,2u + 1). 
Proof. We have to verify that every pair of points of 9 is contained in exactly 
A + A’ blocks of 9. Let 
A’={O, I,... *A’- 1) if A’>0 
and ,I’ = $4 if A’ = 0. Similarly, let 
A={A',h'i I,..., A’+A- 1) if A>0 
and ,I = $9 if A = 0. Let {x. y} ‘ue a pair of points of 9. 
I1 1 If x, y E X, the blocks of 9 containing x and y are the A blocks of S which 
contain x and y and, if A’ ~0, the subsets {x, y, t’) such that YE X’ and 
x+y+2z’EA’(modu). (1) 
If A’ = 0, x and y are thus contained in A blocks. If A’> 0 and if v is odd, the 
equation 22’ = a -x - y has exactly one solution in Z, for every u E A’; the 
number of subsets verifying (1) is thus equal to the cardinality of A’, which is A’. 
L A ’ > 0 and if v is even, the equation 22’ = c~ -x - y has 0 or 2 solutions in Z,, 
accorZ.ing as a - x - y is odd or even. Since there exists an $(2,3, u), A’ is even 
and .I’ contains the same number of odd and even elements. This is also true for 
the set 
(a-x-y(aEA’} 
and (1) has also A’ solutions. 
(2) If x, y E X’, the biocks of 9 containing x and y are the A’ blocks of S’ which 
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contain x and y and, if A SO, the subsets (x, y, z} such that z E X and 
x+y+2zEA(modv). 
A proof similar to the preceeding one shows that there are exactly A + A’ such 
blocks. 
(3) If x = 00 and y E X, the blocks containing 90 and y are the subsets (x, y, z’} 
such that Z’E X’ and 
2y+2z’EAUA’(modv). (21 
If v is odd, the equation 2z’= a - 2y has exactly one solution in Z, for every 
a E A U A ‘. This implies that (2) has IA U A ‘I= A + A’ solutions. If v is even, A and 
A’ are also even and A U A’ contains the same number of odd and even elements. 
The equation 22’ = a - 2y has 0 or 2 solutions according as a is odd or even; (2) 
has thus exactly A + A’ solutions. A similar proof holds if x = 00 and y E X’. 
(4) If x E X and y E X’, the blocks containing x and y arc the subsets {x, y, z} 
such that z E X, x # z and 
x+z+2yEA’(modv), (3) 
the subsets {x, y, z’} such that Z’E X’, y # z’ and 
y+z’+2x~A (modv) (4) 
and the subset {x, y, a} if 
2x+2yEAUA’(modv) (5) 
Equation (3) has exactly A’ solutions and (4) has exactly A solutions. If z = x is a 
solution of (3), then (5) is verified and z’= y is not a solution of (4) since 
A n A ’ = (3. Similarly, if z’ = y is a solution of (4), (5) is verified and z = x: is not a 
solution of (3). In any case, x and y are contained in exactly A + A’ blocks because 
(5) is verified only if z = x is a solution of (3) or if z’ = y is a solution of 4. This 
completes the proof. 
COrollaFy 1. If S is an S,(2,3, v), there exists an S,(2,3,2v + 1) containing S as a 
subdesign. 
Proof. This is trivial if A = 0. If A > 0, apply Theorem 1 with A’ = 0. 
3. A result from graph theory 
The result discussed below is due to Berge. It will be useful to describe new 
constructions of designs. 
A graph is a set G whose elements are called vertices, provided with a tamily of 
distinguished pairs of vertices (called edges). The degree d(x) of a vertex x is the 
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number of edges of G containing x. G is neguk of degme d if d(x) = d for every 
x E G. A bipartite graph is a graph G provided with a partition (A, B} of its 
vertices into two classes (called the components of G) such that every edge of G 
ktersects A and B. If G and G’ are two graphs constructed on the same set of 
vertices, we denote by G U G’ the graph which has rhe same vertices as G and G’ 
and whose edges are the edges of G and the edges of G’. 
For every n~f+J~, let I,={1,2,..., n}. Berge [ 1, p. 1121 has proved the 
following result: 
Theorem 2. Let m, n dVjo, let A -L {pl, p2, . . . , p,,} and B = (41, q2* . . . , q,,} be 
disjoint sets and let al, cy2, . . . , a,, @ 1, p2, . . . , &, be non-negatiue integers uch 
that 
For every k E I,,,, denote by ak the number of coefficients ai such that ai 3 k. There 
exists a bipartite graph G whose vertices are the elements of A U B, whose 
components are the subsets A and B and such that d(pi) = ai for every i E I,,, and 
d (qJ I= p, for every i E I,, if and oniy if 
16) 
und 
i ai 3 i pi for every k E In. (7) 
1-l j -Z 1 
I-et A = {p,, ~2.. . .,P,,,) and B={ql,q2,-. . , q,,} be the components of a bipar- 
tite graph G. The adjacency matrix of G is the rn x n matrix M = (M&) defined by 
Mi,j = 1 if {pi, qi} is an edge of G, 
Mi.j = 0 if {pi, qj} is not an edge of G. 
For every i E 1,” (resp. i E I,J the number of coefficients equal to 1 in the ith 
row (resp. jth column) of M is the degree of the vertex pi (resp. qj) of G. Since 
every matrix of zeros and ones is the adjacency matrix of a bipartite graph, 
Thet!rcm 2 has the following immediate corollary: 
CoroDtlry 2. Ler nl. n E N,, and cy 1, a2, . . . , (Y,~,, (i , , &, . . . , f3,, E N. For every k a 0, 
let uk denote the number of coefficients ai such that ai 3 k. Let a be a permutation of 
I,, such that 
Existence of 2-designs without repeafed blodcs 3.59 
Tkre exists an m X n matrix M =(Mi,j) such that 
Mg,j=O or1 forwry ieIm and eueryjc& 
i= 1 
if and only if 
f ai = e pi and i aj 3 2 &G, for every k cz In. 
i=l j-1 j-1 j=l 
4. A recurrent constmction of S,(2,3, u) 
Hanani [6] has proved that if S is an S(2,3, v), there exists an S(2,3,2v +7) 
containing S as a subdesign. In this section we prove the following generalization 
of this result: 
Theorem 3. Let S be an Z&(2,3, v); there exists an SJ2,3,2v + 7) containing S as 
a subdesign. 
The following lemmas will be useful: 
Lemma 1. Let na4. For every iE(2,3.. . . , n - 2}, let Ai be the orbit of the subset 
(0, 1, i} of H, under the action of the cyclic group generated by the permutation 
x + x + 1 (mod n). The n - 3 orbits Ai are all different and each of them contains n 
elements. 
Proof. (a) Suppose that there exists i, j~{2,3,. . . , n -2) such that if j and 
Ai = Ajn There exists k E Z, -{O} such that 
(0, 1, i}=(k, k+l, k+j}. 
This implies k =l or k=i. If k=l, we have k+l=i, k+j=O, and so j=n-1, 
which is impossible. If k = i, we have k + 1 = 0 and i = n - 1 which is also 
impossible. 
(b) Suppose that there exists i E {2,3, . . . , n - 2) such that IAil < n. There exists 
k E Z, -{0} such that 
(0, 1, i}=(k, k+ 1, k+i}. 
This implies k = 1 or k=i. If k=l, we have k+l=2==i and k+i=3=O,which 
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is impossible since n - ~4. If k=i, k+l=i+l=O and i=n-1, this is also 
impossible. 
We shall say that a nonempty set X of vertices of a graph G is a connected 
component of G if every edge containing an element of X is entirely contained in 
X and if X is minimal for this rwoperty. It is clear that the set of all connected 
components of G is a partition of G. An m-tuple (x,, x2,. . . , h) of distinct 
vertices of G will be called a cycle of length m of G if each pair (x1, x3, 
{XZ,X,~, l l l 9 {x,,,_~, x,,,}, {x,,,, x,} is an edge of 6. It is clear that the set of vertices 
of a cycle of G can be seen in a natural way as a regular subgraph of degree 2 of 
G. 
Lemma 2. Let n 2 2 be an integer. For every i E I,,- *, let Bi be the graph whose 
vertices are the elements of Z, and whose edges are the pairs (i, i + j} where j E a,,. If 
n is odd, let n = 2m + 1; each pair of elements of Z, is an edge of exactly one of the 
graphs B ,, BZ, . . . , B, and, for every i E Zm, Bi is a regular graph of degree 2 
consisting of (n, i) cycles of length n/(n, i) ((a, b) denotes the greatest common 
divisor of a and b). Zf n is even, kt n = 2m ; each pair of elements of B, is an edge 
iqf exactly one of the graphs B,, B2, . . . , B,, Bi is a regular graph of degree 2 
consisting of (n, i) cycles of length n/( n, i) for every i E I,,,-, and IS,,, is a regular 
gruph of degree 1. 
The proof is easy. We shall say that a regular graph G oi degree d is 
decomposable if there is a partition {X,, X2, . . . , Xd} of the set of edges of G such 
that every vertex of G is contained in exactly one element of Xi fot every j E Id. 
Such a partition will be called a decomposition of G. Let n 22 and let i be a 
positive integer smaller than in; every decomposition of the graph Bi defined in 
Lemma 2 induces a decomposition of each cycle of Bi. This implies that Bi is 
decomposable if and only if n/(n, i) is even. 
Lemma 3. Ler n 3 10 be an even integer and let i, j E Z,,12._ I. Suppose that {By, B’iTj is 
a decomposition of Bi. Zf Bi is indecomposable, the graph Bi U B; is decomposable. 
Proof. For every 1 E h,, let Cf (resp. Cf) be the cycle of Bi (resp. Bi) which 
contains 1. If CL E Z,, we have 
C:= k,k+j,k+2j ,..., k+(&-I$). 
let f I be the smallest positive value of 1 for which there exists I’ E& such that 
lj = I’i (mod n). For every m ~{0,1,. . . , I, - l}, Ck+minC: consists of the 
n/(n. j)ll points 
k+mj,k+mj+I,j,k+mj+21,j,...,k-+mj+ 
L&- l)l,t 
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This implies that the subset 
is a connected component of the graph Bi U Bjm In fact H is partitioned into the 
cycles 
Ck ck+i ck+2i 
j9 j 3 j 
ck+(l;-1)’ 
9*.*, J 
where Ii is the smallest positive value of I’ for which there exists 1 E No such that 
1j = I’i (mod n). 
Since n/(n, i) is odd and n/(n, j) is even, I1 is even and (k + j, k - j) n cb = Q), C: 
contains the n/(n, i) points 
k,k+i,k+2i,..., k+(&--l)i 
mnd for every m E (0, i, 2i, . . . , (n/(n, i) - l)i} one of the pairs 
(k+mi, k+mi+j}, (k+mi, k+mi-j} 
is an edge of Bi. Since n/(n, i) is odd, there is at least one pair {cd, (a + 1)i) among 
(0, i), (i, 2i), (2i, 3i}, . . . , 
I(&-+ &)- 41~ I(&- + 4 
such that either 
or 
P,={k+ai, k+ai+j) and P,={k+(cr+l)i, k-t(cr+l)i+j}, 
P’,=(k+ai, k+ai-j} and P$={k+(a+l)i, k+(a+l)i-j) 
are edges of Bi. If there exists (x such that P1 and P2 are edges of I?:, we !ook at 
the cycles Ck and Ck+j and we construct the cycle DL+j represented Zn IEig. 1. 
The length of this cycle is even and so it is decomposable. Let m be an even 
number belonging to I(, - 1. Since k + ai and k + rmj + ai are in the same cycle of 
Bj, the pair 
{k+mj+ai, k+(m+l)j+ari} 
k+ai k+ai+j 
k+ (a+11 i k+ (a+l) i+j 
Fig. 1. 
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Ss also an edge of B;. This is also true for 
(k+nzj+(a+l)i, k+(m+l)j+(a+l)i}, 
From the cycles Ck+mi and CF+(mc”i, we can thus form the decomposable cycle 
Dt$‘l)i represented in Fig. 2. 
k+(m+l)j+(a+l)i 
Fig. 2. 
This proves that the connected component of Bi U Bj containing k can be seen 3s 
the union of disjoint cycles of even length in such 3 way that the edges which 3re 
not contained in one of these cycles form 3 regular graph of degree 1. This proves 
that this connected component is decomposable. 
If a is such that Pi and Pi are edges of I?;, we use similar arguments and we 
construct the cycle 02 -i represented in Fig. 3 and 3 cycle D~$$,I-“j for every 
even m’ E II, _ 1. This proves that each connected component of Bi U BJ is decom- 
posable, and SO Bi U Bi is decomposable. 
Lemma 4. Let n 3 IO be an euett integer and let m = $2. If B,_ , is indecomposable, 
the graph B, __ , U B,, is decomposable. 
Proof. Suppose that B,,,_ , is indecomposable. This implies that n/(n, m - 1) is 
odd, and so (n, m - 11) = 2 and m is odd. B,_ 1 consists of one cycle Co containing 
the even elements of Z, and one cycle C1 containing the odd elements of k,. 
Every edge of B, contains one element of C(, and one element of C1 because m 
is odd. Therefore B,, 1 U B, contains the cycle D represented in Fig. 4. 
c k 
i 
Fig. 3. 
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m-l 
Fig. 4. 
D is decomposable and the edges of B,,,_1 UB,,., which are not in D form a 
partition of Z,; thus the lemma is proved. 
Theorem 3. Let S be an S,(2,3, U) with u 2 3. There exists an S,(2,3,2u +7) 
which contains S as a subdesign. 
Proof. Let us denote the points of X by xl, x2, . . . , x,,, let n = u + 7 and let 
X’=(O, 1,. . . , n - 1) be a set such that X nX’ = fl. The points of the 
S,(2,3,2u +7) will be those of X U X’ and the following subsets will be taken as 
blocks: 
(a) the blocks of S, 
(b) the subsets (i, i + 1, i + j) (mod n) such that i E X’ and j E (3,4? . . . , A + 2) 
Every pair of points of S is contained in A blocks of type (a). Because there exists 
an S,(2,3, u), we have A + 2 6 n - 7 and two blocks of type (b) corresponding to 
distinct values of i and j are distinct (Lemma 1). Let x, y E X’; it is clear that the 
number A,, of blocks of type (b) containing x and y depends only on the 
difference x - y (mod n). The Tables l-6 below give, in each case, the value of 
Table 1. Values A,,, if n = Table 2. X’alues A._, if n = Table 3 Values A,, if n = 
2m+l and A~m-2 2m+l and A=m-1 2m+l and Aam 
x-y(modn) A x.v 
fl 
*2 
:k3 
*4 
; 
*A 
*(A + 1) 
*(A + 2) 
*(A + 3) 
*(A +4) 
*(m - 1) 
*m 
A 
1 
2 
2 
: 
2 
2 
1 
0 
0 
: 
6 
0 
x-y(modn) 
*l 
*2 
*3 
*4 
: . 
*(m -2) 
l (m - 1) 
*m 
A *.v 
A 
2 
2 
2 
. 
5 
2 
3 
x-y(modn) A JLY 
*l A 
*2 1 
*3 2 
*4 2 
: : . 
*(n-A--4) 2 
*(n-A-3) 2 
*(n-A-2) 3 
(n-h-l) 4 
(n-A) 4 
*(m - 1) 4 
fm 4 
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Table 4. Values A,, if n = 2m 
and Asm-3 
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Table 5. Values A%, if n = 2m 
and A=m -2 
x-y(modn1 A X.V 
-- 
*l A 
*2 1 
*3 2 
*4 2 
: : . 
*A ; 
*(A-t 1) 2 
*(A+ 2) 1 
*(A + 3) 0 
+(A+ 4) 0 
: : . 
Mm -- 1) 0 
m 0 
x-y (modn) A x. I. 
*l A 
*2 1 
*3 2 
*4 2 . 
: : . . 
*(m - 1) 2 
m 2 
Table 6. Values A,,Y if n = 2m 
and ham-1 
x-y(modn) hx.Y 
*l A 
*2 1 
+3 2 
*4 2 
: : . 
*(n-A -4) ; 
*(n-A-3) 2 
k(n-A-2) 3 
*(n-A-l) 4 
: : 
L(m - 1) ;r 
m 4 
If n is odd, u - n -7 is even and A must be even. 
In Case 1, let (Yi = fh for every i ~3 I, and 
P, =O, &=&+*=A-% 
pi = A -2 for every j such that 36j~h + 1, 
pi = A for every j such that A + 3 <j s m, 
and let us prove that there is a u X m matrix M = (Mi,i) such that 
Mi.,= 0 or 1 for every i E Zu and every j E I,,,, 
f Mi.i = pi for every j E I,,,, 
i-l 
C M,,, = Q, for every i E I&,. 
(8) 
(9) 
(10) 
*WC have 
tt1 
C Pi=2(h-I)+(A-l)(A-2)+(m-A-2)A =A(m_3)=$Au= f ai. 
i 1 i=l 
k for every i EN, ai is the number of coefficielmts cyf such that q a i, we have 
a,,=a,-.a *=ah12=u and ai= for every i 34 + 1. Let cr be a permutation of p 
Itn su& that Pm(i) 3 Poti+ 1) for every i E I,,, and let k E I,,, ; we get 
if k<jA and 
if k >$A. By Corollary 2, we see that there exkts such a matrix M Each row of M 
contains exactly $A eoeticients equal to 1 and, for every j E I&, the number of 
coefficients equal to 2 in the jth c~l~rrnn of M is h -hKr+i (see Table 1). We 
choose as blocks of the SJZ, 3,2u f 7) the &&sets {u,.b, XJ suizh that da, b &K’, 
X,EX and A& = I where j is the smallest positive number aniong u-b, b-u, 
pz + a - 6 and n + b - Q. It is clear that every pair of points of X’ is now contained 
in exactly A blocks. Let xk EX and 1 E X’; the blocks which contain xk anid I are 
the subsets {I,1 + h, xk) and {Z, 1- h, ~~1 such that Mk,h = 1. There arti A blocks 
verifying this condition because the kth column of M contains $A &eficients 
equal to 1. 
In Case 2, let clti = $A for every i E IU and 
c31 =o, fi2=A-1, 
pj=A-2 for every i such that 3sj~m-1, 
&,=A-3. 
Wehaveh-3sOsinceh=m-1= $(v + 4) z 4. One proves as before that there is 
a v x nr matrix M = (A&) verifying (8), (9) and (10). The blocks of the design are 
defined as in Case 1. 
In Case 3, let aci = $A for every i E Iu and 
p* =o, &=A-I, 
&=A-2 for every j such that 3Sj~n-A-3, 
P n-A-2 = A - 3, 
&=A-4 for every j such that n-A-lsj~rn. 
We have A -420 because A am = $(v+6)M and n-h-2$(1,2) because As 
2) - 2 = n - 7. One proves as in Case 1 that there is a v x m matrix M = (Ad&) 
verifying (8), (9) and (10). The block of the design are defined as in Case 1. 
If n is even, let Bi (i E I,) be the graph whose vertices are the points of X’ and 
whose edges are the pairs (5 y} of vertices such that n: - y = =ti (mod n). Bi is a 
regular graph of degree 2 for every i E Im+ and B, is a regular graph of degree 1. 
The theorem has beea proved by Hanani [5] if A = 1; therefore we shall assume 
that A 2 2. 
In Case 4, let us consider the graphs &, Bd2 . . . , BA+l. Bi is decomposable for 
every odd i. If A + 1 is even, we see that B3 U B4, I35 U Ba, B7 U Bg, . . . , Bh U Bh+f 
are decomposable (apply Lemma 3 for the values of i E {4,6, . . . , h + 1) such Gs’. 
Bi is indecomposable). If A + 1 is odd, each of the graphs &U Bd, BgU 
b,..., B,-N&v &+I is decomposable. This implies that B3 U BrS U B5 li * l l U 
Bh+l is decomposable; we denote by (OS, L&, . . . , D,,} a decomposition of this 
graph. Now consider the graphs BA+3, BA+4,. . , B,. If m -A -2 is odd, &+3 U 
B A+49 R+s u &+a+ . l - 9 R,-,~ &n-1, Bm are decomposable (apply Lemma 3 for 
theevenvaluesof i~{A+3,A+4,..., m - 1) such that Bi is indecomposable). If
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m -A - 2 is even, each of the graphs Bk+3 U BA++ Bh+5 U Z&+6, . . . , B,,,-3 U Z3,,,+, 
B, __ , U B,,, is also decomposable by Lemmas 3 and 4. This implies that Z3k+3 U 
BA+,qU’ l l W B, is decomposable; let (D2h+2, D2A+3, . . . , Du+3} be a decomposi- 
tion of this graph. We also write D1 = Br, D2 = R2 and DzA+r = Z3*++ 
For every i E FzA -2, let ai = @i =A-2 and for every i~(2h-1,2h,...,u), let 
ai = pi = A. Applying Corollary 2, we easily see that there is a matrix M = (M,,) 
verifying (8), (9) and (10). We define a u x (u + 3) matrix N = (Ni,i) by 
Ni.1 =O for every i E I,, 
Ni.2 = 1 for every ie IA+ 
Ni.2 = 0 for every i e Ju -- IA _ 1, 
Ni., = Jbfi.i -t for every i E I, and every j E (3,4, . . . c 2X}, 
N r.2h + 1 =l for every ic(A,A+l,.. .,2AT2), 
N I.2h + I =0 for every iEI,--{A,A+1,...,2A-2). 
N,., = M., 3 for every i E Zu and every j E (2A + 2,2A + 3, . . . , u -J- 3). 
Choose as blocks of the S,(2,3,2u + 7) the subsets {a, b, .q} such that a, b E X’, 
Xi E X and Ni.i = 1 where j is such that (a, b}E Di. If (x, y} is a pair of points of X’, 
let j be such that {x. y} E Di; the number of coefficients equal to 1 in the jth 
column of N is equal to A -A,+,. This implies that x and y are contained in A 
blocks. If x G X’ and xi E X the blocks containing x and & are the subsets (x, y, 4) 
for which there exists i E Zu_+s such that Ni,j = 1 and {x, Y}E L$. If Ni.2 = Ni,A+2 =0, 
there are exactly A values of j verifying these conditions, there are thus exactly A 
blocks containing x and xi since the corresponding graphs Dj are regular of 
dcgrec 1. If Ni.2 = 1 (resp. hLax +z = 1). then Ni.A +? = 0 (resp. Ni.2 = 0) and there are 
exactly A -- 2 other values of j verifying these conditions. This completes the proof 
because D-, (resp. DA + J is a regular graph of degree 2 and each graph Di 
corresponding to oue of the A - 2 other values of j is regular of degree 1. 
In Case 5, consider the graphs B3, Bq, . . . , B ,,,. If nr is odd, B3UBq, B&J 
B ht ’ * - 3 I?,,, 2 U B,, , are decomposable (Lemma 3). If m is even & U Bq, Bs U 
Bf,, . . . , B,, 3 U B,,, _ 2 and B,_ , U B,, are decomposable (Lemmas 3 and 4). This 
implies that the graph B3U B4U. l U B, is decomposable; let 
{Px. & - - - * Dh .;} be a decomposition of this graph. We also write D1 = B, and 
l.+ = B2. 
LO a, -h-2 for every FEZ, _,, ai=A for every iEZ,-ZI,_l and &=A-2 for 
eveI; i E Zc, +t. Applying Corollary 2, we see rhat there is a u x (u + 2) matrix 
M = ( Mtvi) verifying conditions (S), (9) and (10). If M is such a matrix, we define 
the t’ X (.v + 4) matrix N = (Ni,j) by 
N,, , =- 0 for every i E Zu, 
IQ -Lz 1 for every i E Zk __, , 
N,*z = 0 for every iEZu-Zh-,, 
N., = ML, z for every i E Zu and every j E I”, 2 - Z2, 
and we define the blocks of the design as in Case 4. 
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In case 6, we prove as before that the graph B3 U B4 U l l l U B,,_A_3 (resp. 
B n-&JB,,__~U~ l *UB,,,) is decomposable and we denote by 
ID,, &r l . . , D2,,_2& (resp. (D+2A_6, D2n-2A_5, . . . , D,,+}) 2 decomposition 
of this graph. We also write D1 = B1, Dz = B2 and D2n_2A-7 = B,++ 
Let apA- for every iEIA+, q_2=~~~,_~=h-2, (Yi=A for every k 
4 -Llr @i = A - 2 for every i E I~n_.~A_10 and & = A -4 for every i E 
I, - I2n-2*-m Since AWII-~ and u=2m-7~0, we have Aa4 and all the 
coefficients ai and pi are non negative. Applying Corollary 2 we see, after some 
elementary calculations, that there is a 1) x v matrix verifying (8), (9) and (10). 
If M = (A&) is SU& a matrix, we define the II X (U + 3) matrix N = (Ni,j) by 
Ni.1~ 0 for every i E &, 
Ni.2 z 1 for every i E I*+, 
Ni.2 = 0 for every iE Iu-IA_+ 
Ni.j = Mi,j_, for every i E lu and every i E 12n_2h_6 - Z2, 
N* 1,2n-2A-7 = 1 for every i E IA_+ 
N* a.2n-2h-7 = 0 for every i E Iu - IA+, 
NiJ = Mij-3 for every i E IV and every i E 1” _4 - I2,,-2A_7, 
and we define the blocks of the design as in Case 4. 
5. Proof of the main theorem 
We shall need the following two lemmas for proving that the arithmetical 
necessary conditions are sufficient for the existence of an S,(2,3, v). 
Lemma 5. For every k &Jo, there exists an S6k-3(2,3,12k + 1) containing a 
s&design on 6k - 1 points. 
hof. Let X1 = {x1, x2, . . . , x~~_~) and X2 =(O, 1, . . . ,6k + 1) be two disjoint 
sets. The points of the S6k_3 (2,3,12k + 1) that we shall construct will be the 
elements of X = X1 U X2 and the following subsets will be taken as blocks: 
(a) the 3-subsets of X1, 
(b) the subsets {i, i + 1, i + j) (mod 6k + 2) of X2 such that i E X2 and i E 
{3,4,. . . ,2k + 1). 
It is clear that every pair of points of X1 is contained in exactly 6k - 3 blocks of 
type (a). The number A,, of blocks of type (b) containing two points x, y E X2 
depends only on the difference x - y (mod 6 k + 2). The values of A,, are given in 
Table 7. 
For every i E Z3k+l, let Bi be the graph whose vertices are the elements of X2 
and whose edges are the pairs (x, y} c X2 such that x - y = *i (mod 6k + 2). The 
graphs B1, B2 U B2k+l, B3 U B4, B5 U B6, . . . , B2k_1 U BZk are decomposable 
(Lemma 3). If 3 k + 1 is odd, B2k+2 U B2k+3, B2k+4 U B2k t.5, . . . , BJk U Bsk + 1 are 
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Table 7 
x-y (mod6k+2) &., 
*l 
*2 
33 
zk4 
2k-1 
decomposable (Lemmas 3 and 4) and if 3k + 1 is even, B2k+2 U B2k+3, BZk+&J 
B tk+S*. . . , B 3k 1 u &k- B3k+ 1 are also decomposable (Lemma 3). L:t {D1, &} be 
a decomposition of B I, {&, &, &, &,} a decomposition Of B2 U &k+ 1, 
@,r & - . . , &k+z) a decomposition of B3 U B4 U l l l U Bzk and {&+3, 
D jr. tJ9 - * * l f& + 1) a decomposition of &+2 u &k +3 u l l ‘&k +1. 
Let ay, =6k -3 for every i&-&+ p1 =&=4k-2, &=&=&=&=6k-4, 
p, =M-5 for every %{7,8,... ,4k + 2) an<.1 pi =6/c - 3 for every i E: 
(4k+3,4k+4,... .6k + 1). Applying Corollary 2, we see that there is QI (6k - 
1) x (6k + 1) matrix verifying (81, (8) and (10). Let M be such a matrix. We choose 
its blocks of the S 6k ,(2,3,12k + 1) the subsets {a, 6, xi} such that a, b E X2, 
X, E X, and {a, 6) E D), for every i and every j such that Mi,j = 1. It is easy to check 
that every pair of points of X, U X2 is contained in exactly 6k - 3 blocks and that 
X, is a subdesign of this !&,k _,(2,3, 12k + 1). 
l&ma 6. For every k E No, there exists an &+ &2,3,12 k + 9) containing a 
subdesign on 6k + 3 points. 
Proof. Let XI =1x,, x2,. . . , X&+J} and X2 =(O, 1,. . . ,6k -t-5} be two disjoint 
sets. The points of the $,k+* (2,3,12k +9) that we shall construct will be the 
elements of X1 U X2 and the following subsets will be blocks. 
‘T) the 3-subsets of X,, 
(b) &e subsets {i, i + 1, i +j} (mod 6k +6‘$ such that i E X2 and j E 
(3.4,. . . ,2k +2}, 
(cl the subsets {i,i+2k+2,i+4k+4} (mod6k+6) such that i E 
(0. 1,. . . ,2k + I}. 
It is clear that every pair of points of XI is containe:d in exactly 6k + 1 blocks of 
type (4. Lemma 1 shows that two blocks of type (b) corresponding to distinct 
values of i and j are distinct and it is clear that the sr:me 3-subset of X2 cannot be 
Existence of 2-designs without npeated blocks 169 
Table 8 
x-y(mod6k+6) & 
*l 2k 
*2 1 
*3 2 
*4 2 
: : . 
*2k ; 
1(2/c + 1) 2 
*(2/c + 2) 2 
*(2k + 3) 0 
*(2k + 4) 0 
at the same time a block of type (b) and a block of type (cj. The number h,, of 
blocks of type (b) or (c) containing two points x, y E X2 depends only on the value 
of x: - y (mod 6k + 6). The value of A,, are given in Table 8. 
For every i 5 13k+3, let Bi be the graph whose vertices are the elements of X2 
and whose edges are the pairs (x, y} c X2 such that x: - y = *:i (mod 6k + 6). The 
graphs &, B3 U B,, &U &, . . l , B2k+l U -Fjzk+2 are decomposable (Lemma 3). If 
3k + 3 is odd, B2k+3 u B2k+4, B2k+5 u B2k+6, . . l 3 B3k+l u B3k+2, B3k+3 are. decom- 
posable (Lemma 3) and if 3k +3 is even, &k+3 U Bzk+*, &k+5 U 
B 2k+6* l . l 3 B3k+2 UB3k+3 are ako decomposable (Lemmas 3 and 4). Let {DI, D2} 
be a decomposition of B1, (04, I&, . . . , D&+3} a decomposition of B3 U B4 U 
l * l U &k+2 and {&k-1_& D&+5, . . . , &k+,$} a decomposition Of B2k+3 U&k+4 U 
’ l l U&+3. We also write D3 = B2. 
ht Cyi = 6k - 1 for every i E &jk, afjk+l= a6k+2 = (Y6k+3 = 0, & = & = 4k + 1, 
&=6k-1 for every &{3,4,... ,4k+2) and &=6k+l for every ie 
(4k+3,4k+4,..., 6k + 3). Applying Corollary 2, we see that there is a (6k + 3) x 
(6k +3) matrix M= (Mi,i) verifying (8), (9) and (10). We define a (6k + 3) x 
(6k +d) matrix N= (s,j) by 
Ni,j = Mi,j for every i E &,k+3 and every j E (1,2}, 
Ni.3 = 1 for every i c &k, 
N 6k+1.3 = &k+2.3 = N6kt3.3 = 0, 
Ni.j = Mi,j-1 for every i c Iek+3 and every jE(4,5,. . . ,6k+4), 
and we define the blocks as in Lemma 5. It is easy to check that every pair of 
points of X1 U X2 is contained in exactly 6k + 1 blocks and that XI is a subdesign 
of this &+1(2, 3, 12k +9). 
We can now prove the main theorem: 
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Theorem 4. Let A and u be integers such that 0~ h =G t) -2. There exist an 
SA(2, 3, u) if anal only if hu(u - 1) = 0 (mod 6) and h(u - 1) = 0 (mod 2). 
Proof. The theorem is obvious if u = C it is true for the even values of u [ll, 131 
and it is also true for every u s 12 [2,3]. We shall assume that A > 0. Suppose that 
the theorem is true for every v G 12n (n 3 1). Let us prove that it is also true for 
every v G 12(rr + 1). We have to prove the existence of designs S&2,3, v) whose 
parameters are given in Table 9. 
Table 9 
12n-6 1 1.2....,12n--1 
12ni-3 1.2.....12n+l 
12n+5 Ah..... 12n+.’ 
12n+7 1 ’ . .e. . . . . 12n +5 
12n+9 1.2.....12n+7 
12n+ll 3,6,...,12n+9 
The longest value of A corresponding, in each case, to a trivial design (i.e. a design 
in which every 3-subset is a block) which obviously exists. Note also that if S is an 
Z&(2,3, v). the set of points of S provided with the 3-subsets of points which are 
not blocks of S is an St, 2.. h (2,3, v). This design is called the complement of S. 
If u = 1212 + 1, Theorem 3 shows the existence of an S,(2,3, 12~2 +1) for every 
A=1,2,... ,6n -5 since there exists an S,(2,3,6n -3) for these value of A. 
There exists an SA (2,3, 12n + i j for every A E (6n -4,6n - 2,612) because there 
exists an S,(2,3,6n) for every even value of A 4 6n - 2. Lemma 5 shows the 
cxistcnce c)f an St,,, J2, 3. 12~ + 1). Th e complements of these designs are 
SA((2,J. U) with A= 12n-2, 12~1-3 ,..., 6n+4, 6n+3, 6n+l, 6~1-1, 6n+2. 
16 u = i 2n + 3, Theorem 1 shows the existence of an Sh(2, 3,12n + 3j for every 
A-1.2,..., 6n since there exists an Sh(2, 3,6n + 1) for every A = 
1.2.. . . ,6n - 1; the complements of these designs are S,(2,3, 12nf 3) with 
A = 12n, 12~ 1,. . . ,6n+ l. 
If c - 12n + 5. we can construct an &(2,3,12n + 5) for every A = 
3.6, . . + 6n -- 3 using Theorem 3 because there exists an S,(2,3,6n - 1) for these 
Van CL of A. Theorem 1 proves the existence cbf an Z&,(2,3, 12n t 5) since there 
exists :tn S (,,, 2,3,6n + 2). The complements of these designs are S,(2,3. 12n +S) ( 
with A = 12n. 12rr -3.. . .,&z--6 and 6rt+3. 
If u -1 12n+ 7, we can construct an !;,(Z!. 3, 12n + 7) for every A = 
1 ’ .4-, . . . . 6n + 2 since there exists an Sh(2, 3,6r2 + 3) for every A = I, 2, . . . ,6n + 1 
(Themm 1); the complements of these designs are SA(2, 3, 12n +7) with A = 
12n+4,12n+3 ,..., 6n+3. 
If L’ = 12n + 9, Theorem 3 shows the existence 01 an S,,(2,3,12n + 9) for e\ery 
A = 1.2,... .6n -- 1 because there exists an S,(2,3,6n + 1) for these values of A. 
Existence of 2-designs without repeated blacks 171 
We can construct an SA(2, 3,l2n + 9) for every A E (tin, fin + 2,6n +4} sin= there 
exists an S,(2,3,6n +4) for every even value of A < 6n + 2 (Theorem 1). Lemma 
6 shows the existence of an S e,,+1(2, 3,12n +9). The complements of these 
designs are S,,(2,3,12n +9) with A = 12n + 6,12n + 5, . . . ,6n + 8, 6n +7, 6n + 5, 
6n+3,6n+6. 
Finally, if u = 12n + 11, Theorem 1 shows the existence of an S,(2,3,12n + 11) 
for every A = 3,6, . . . , 6n + 3 since there exists an S,(2,3,6n + 5) for these values 
of A ; the complements of these designs are S,(2,3,12n + 11) with A = 
12n+6,12n+3,. . . ,6n+6. 
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